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Calculation of Optical Signal Using Three-Dimensional Bidomain/
Diffusion Model Reveals Distortion of the Transmembrane Potential

Phillip Prior and Bradley J. Roth

Department of Physics, Oakland University, Rochester, Michigan

ABSTRACT Optical mapping experiments allow investigators to view the effects of electrical currents on the transmembrane
potential, Vy,,, as a shock is applied to the heart. One important consideration is whether the optical signal accurately represents
V. We have combined the bidomain equations along with the photon diffusion equation to study the excitation and emission of
photons during optical mapping of cardiac tissue. Our results show that this bidomain/diffusion model predicts an optical signal
that is much smaller than V,,, near a stimulating electrode, a result consistent with experimental observations. Yet, this model,
which incorporates the effect of lateral averaging, also reveals an optical signal that overestimates V;, at distances >1 mm
away from the electrode. Although V, falls off with distance r from the electrode as exp(—r/A)/r, the optical signal decays as a
simple exponential, exp(—r/A). Moreover, regions of hyperpolarization adjacent to a cathode are emphasized in the optical
signal compared to the region of depolarization under the cathode. Imaging methods utilizing optical mapping techniques will

need to account for these distortions to accurately reconstruct V.

INTRODUCTION

An important question in cardiology is how an electric shock
applied to the heart affects the transmembrane potential, V.,
during ventricular defibrillation (1). Over the last decade, the
technique of optical mapping has allowed direct measure-
ment of the transmembrane potential distribution during a
shock (2,3). One limitation of optical mapping is that it does
not measure the transmembrane potential at the tissue sur-
face, but represents an average of the transmembrane po-
tential over depth (4). Several experiments have examined
the depth from which optical signals arise, but the results are
inconsistent (5-8). Differences in the experimental prepara-
tion and methods may account for some of this inconsistency.

Numerical simulations using the bidomain model have
calculated the transmembrane potential distribution during
electrical stimulation through a unipolar electrode on the
tissue surface (9-12). These calculations predict a large po-
larization near the electrode, which falls off rapidly with
depth into the tissue. Experimentalists, using optical mapping
to measure the transmembrane potential, observe a much
smaller polarization near the electrode (5,13,14). Janks and
Roth previously hypothesized that the measured polarization
is weak compared to the calculated polarization because the
optical signal is averaged over depth (15).

The signal detected in optical mapping experiments is
essentially a distorted version of the transmembrane poten-
tial. The distortion is due to several mechanisms, including
averaging over depth and lateral averaging of both the illu-
minating and emission light. Furthermore, Akar et al. and
Poelzing et al. have observed that the falloff in the optical
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signal with distance r from the stimulating electrode is de-
scribed by a single exponential, not the exp(—r/A)/r decay
predicted for the transmembrane potential from cable theory
(16,17).

The optical signal recorded in an experiment should be
compared to the optical signal (not the electrical signal)
calculated in numerical simulations. These numerical simu-
lations should incorporate the electrical properties and the
diffuse nature of photon migration in cardiac tissue. In this
article, our goal is to calculate both the transmembrane po-
tential and optical signal arising in a three-dimensional slab
of cardiac tissue during unipolar electrical stimulation and
investigate the effects of the tissue optical properties on the
signal. The effect of optical signal distortion will be quanti-
fied in terms of three parameters: the ratio of the peak de-
polarization to hyperpolarization, Dpeax/Hpeax, and the length
constant, A, measured parallel and perpendicular to the tissue
fibers.

METHODS

The bidomain model is used to calculate transmembrane potential (V;,,) and
the extracellular potential (V) (18). This model consists of two coupled
partial differential equations:

V(& + &)V ==V (&VVn) (1
V. (gevve) = _,8 GV + Cmagtm] ) )

where 3 is the ratio of membrane surface area to tissue volume (0.3 um™"),
Cy, is the membrane capacitance (0.01 F/m?), and G,, is the membrane
conductance (1.65 S/m?) (12). The intracellular and extracellular conductiv-
ity tensors, g; and g, specify the anisotropic electrical properties in each
direction: gix = gex = 0.1863S/m, giy = gi, = 0.0186 S/m, and g, =
8ez = 0.0745S/m (19). The calculation is for a passive membrane in steady
state, where V,, represents the deviations of the transmembrane potential
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from rest. The myocardial fibers are straight and lie in the x direction. The
edges of the tissue are sealed,

OV
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and the boundary conditions at the electrode-tissue interface are

aV, av,
- m = — ¢ 4
on on @
Ve = Velectrode; (5 )

where 7 is the direction normal to the surface and Vijecrrode 1S the voltage of
the stimulus electrode (1 V). The cathode is centered on the upper surface,
and the anode is centered on the lower surface (see Fig. 1 in Patel and Roth
an.

The diffuse photon density due to uniform collimated illumination
(Pijum) and the photon density due to voltage sensitive fluorescent emission
(Per) at all points in the three-dimensional piece of cardiac tissue are cal-
culated using the steady-state, photon diffusion equation (20),

DV’ ®(r) — p,®(r) = —S(r), ©6)

where @ is the photon density at any point in the tissue r, D is the optical
diffusion constant, u, is the absorption coefficient, and S(r) describes the
photon source. The diffusion constant is

1
D= , 7
3(as(1—g) + ) @

where u, is the scattering coefficient and g is the anisotropy coefficient (21).
The effect of uniform illumination is solved using Eq. 6 with a source term
given by (20,22,23)

Sillum(z) = /*L;ei(’u;ma);' (8)
We will follow Flock et al. and consider an isotropic source and use the
reduced scattering coefficient us = u (1 — g) (22). Our standard values of
the illumination optical parameters w,, g, and w, are 23.0 mm~", 0.94, and
0.52 mm ™', respectively, and are taken from the optical parameters at the
illumination wavelength, 488 nm, of the dye di-4-ANEPPS for rabbit
myocardium (21).

The voltage-dependent fluorescent emission results from the excitation of
the dye by illumination light. The photon density resulting from this voltage-
dependent process is calculated using Eq. 6 with the source term, S, being
given by

San(F) = Vo) [ (1) + € %7 9)

where the two terms multiplying V, are the diffuse photon density and the
incident unscattered (ballistic) photon density. Our standard values of the
emission optical parameters u, g, and w, are 21.8 mm™", 0.96, and 0.1
mm™', respectively, and are consistent with those taken at 669 nm di-4-
ANEPPS emission wavelength for rabbit myocardium (21).

A partial current boundary condition is used to calculate @y, and e,
at the surface of the tissue (z = 0),

1 + Ry

O=2D——VP-j 10
R, 27 (10)

where R is the effective reflection coefficient and is dependent on the
relative refractive indices of the tissue and air surface (24) and 7 is the unit
vector normal to the tissue surface. The refractive indices of air and tissue are

1 and 1.4, respectively. The formulation of R.¢ in Haskell et al. yields Regr =
0.49 (24). Additionally, another boundary condition is applied to @,
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at the edges of the tissue.

The recorded optical signal ((I)()pﬁca]) is calculated from the photon density
exiting the tissue surface by applying Fick’s Law (25),
D, V®,, - . (12)

q)oplical =

The detection of the optical signal from the tissue surface approximates the
conditions of optical mapping experimental setups (26-30).
The solution for @, can be found analytically and is

1—-3Dyu, .
(Dillum(z) :3 71#‘“
1 - 9Di1,U«a,il
1+§<1+§ﬂ>
X — Reff -z/8 _ —z/3Dy
|1 2D (T+ Ry ¢ ¢ » (13)
where 6 = Dil/#a,n (20,23). Fig. 1 depicts @y, as a function of depth.

The length constant 6 = 0.581 mm, whereas 3D;; = 0.526 mm. The ballistic
photons also excite the dye (31), and the sum of the diffuse and ballistic
photons is shown in Fig. 1.

Numerical calculations of Vy,, V., and @, were performed on a 10 mm X
10 mm X 10 mm slab of cardiac tissue stimulated by a cathode electrode
10 wm in diameter. The myocardial fibers are straight and lie along the x axis.
The tissue is discretized with space steps Ax = 0.03 mm and Ay = Az =
0.012 mm (11). At each time step, V, is calculated using an explicit Euler
method, whereas a technique of successive overrelaxation is used to calculate
Ve and ®g,. All simulations are run for 30 ms to allow regions of tissue
away from the electrode to reach electrical steady state (12). The calculations
of Vi, Ve, and @, are made over one-eighth of the tissue by using symmetry
conditions.

Optical signals calculated from Eq. 12 are normalized with respect to a
calibration constant in a manner similar to experiments. The calibration
constant is the optical signal one would measure when V,, is uniformly
distributed throughout the tissue, for instance during the peak of the action
potential. This is calculated by using a uniform V/;, in the source term to solve
Eq. 6. As a result of this calibration, factors such as the intensity of illumi-
nation light and the efficiency of the dye cancel out.

The length constant, A, is calculated through least-squares fitting of V,,
to exp(—r/A)/r, and the optical signal to exp(—r/A), over a range of a

2

z (mm)

FIGURE 1 Diffuse (dot-dashed curve) and ballistic (dashed) photon
density (illumination) and their sum (solid), as functions of depth below
the tissue surface. The diffuse photon density is calculated using Eq. 13 and
obeys the partial current boundary condition (Eq. 10), whereas the ballistic
photons obey Beer’s Law.
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millimeter from the electrode. This range is consistent with optical mapping
experiments, which measured the decay in the signal out to a millimeter from
the electrode (16,17).

RESULTS

The transmembrane potential produced by a cathodal stim-
ulus on one quadrant of the tissue surface is depicted in Fig.
2 A. This surface distribution of V,,, contains a region of de-
polarization adjacent to a region of hyperpolarization as de-
scribed by Sepulveda et al. (9). The region of depolarization
is underneath the electrode and extends perpendicular to the
fiber direction (y direction in Fig. 2 A), whereas hyperpo-
larization occurs on either side of the electrode and extends
parallel to the fibers (x direction). The value of D pea/Hpeax in
Fig. 2 A is 5.4 X 10°. The length constant for V,, is 0.316 and
0.211 mm parallel and perpendicular to the fibers (R* =
0.9998 and 0.9992, respectively).

Fig. 2 B depicts the optical signal that would be detected
in an optical mapping experiment due to the distribution of
Vi in Fig. 2 A. The signal is similar to V},,: there is a region
of depolarization adjacent to a region of hyperpolarization.
There are two features that differ between the optical signal
and V. First, the regions of the depolarization and hyper-
polarization in the optical signal are distorted compared with
those regions in V,,. The ‘‘crossover’’ region (the transition
from depolarization to hyperpolarization along the x axis)
occurs farther from the electrode in the optical signal. In Fig.
2, this region occurs at a point that appears gray lying be-
tween the white (depolarization) and black (hyperpolariza-
tion) regions. The value of Dpeq/Hpear in Fig. 2 Bis 56.6. The
optical signal has A = 0.983 and 0.784 mm parallel and
perpendicular to the fibers (R* = 0.9975 and 0.9954, re-
spectively).

Second, the amplitude of the optical signal near the elec-
trode is much smaller in Fig. 2 B than in Fig. 2 A (note the
different gray scales in Fig. 2). Fig. 3 shows the falloff in both
the optical signal and V,, along directions parallel and per-
pendicular to the fibers on a semilog scale. Fig. 3 A shows the
difference in the ‘‘crossover’’ point between the optical
signal and V,,. This point occurs 0.84 mm from the electrode
in the distribution of V,,, yet the optical signal shows that this
region occurs 1.82 mm away. Fig. 3 B shows that the optical
signal is larger than V,, at distances >~1 mm from the
electrode.
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The distortion of optical signal is quantified by varying w,
and u, over an acceptable range that is consistent with the
experimental uncertainty in the data for rabbit myocardium at
488 nm and 669 nm illumination and emission wavelengths,
respectively (21). Fig. 4 shows the effect of varying the op-
tical coefficients on the measured Dpe/Hpeak, and A from the
acquired optical signal. Fig. 4 A shows that the variation in
the optical coefficients causes a deviation of 5-21% in Dpe./
Hpeax from the standard optical coefficients measured by
Ding et al. (21). The variation of the length constants by the
optical parameters is depicted in Fig. 4, B and C. The mea-
sured length constants vary by at most 11% from the standard
coefficients. The results are more sensitive to w, ., than the
other parameters. '

Poelzing et al. and Akar et al. used optical mapping to
estimate the electrical length constant, and thereby monitor
the degree of cellular coupling in the tissue (16,17). To study
how photon diffusion affects these recordings, we vary the
electrical conductivity in the tissue and determine how these
changes affect the resulting length constants measured opti-
cally. All conductivities are changed by the same factor, so
the degree of anisotropy in the intracellular and extracellular
spaces is constant. In the bidomain model, the electrical
length constants parallel and perpendicular to the fibers are

8ix8ex giygey
A=, /———and A, = , | ——— (14)
GmB(gix + geX) g GmB(giy + gey)

Fig. 3 shows that the length constants calculated from the
optical signal are much larger than the true electrical length
constants. A decrease in the conductivity by a factor of 2
causes the optical measurement of Ax to decrease by 23%,
whereas an increase by the same amount causes Ax to in-
crease by 28%. Similarly, a decrease in conductivity by two
caused Ay to decrease by 23%, whereas an increase by the
same amount caused an increase in Ay by 27%. Equation 14
suggests that a factor of 2 increase in the conductivity should
result in a 41% increase in A. Thus, the optical measurement
underestimates changes in cell coupling.

DISCUSSION

Our results show that the average transmembrane potential,
Vm, 18 greatly affected by optical averaging over depth,
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FIGURE 2 Transmembrane potential (A) and op-
tical signal (B) due to a point electrode stimulus
over one quarter of the tissue surface. The gray scale
extends over the range of * the absolute value of
the peak hyperpolarization. This scale saturates
under the electrode, where the depolarization is
>100 mV (see Fig. 3).
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FIGURE 3 Absolute value of both the optical signal (solid curve) and V,,
(dashed) versus distance from the electrode. The falloff is (A) parallel to and
(B) perpendicular to the fibers.

consistent with previous studies (15,26,30). In general, the
optical signal is a distorted version of V,,. The result is a
““flattening’” of the detected signal: the falloff of V, with
distance is reduced in the optical signal near the electrode,
whereas far away the optical signal is larger than V. The
reduction in the optical signal is consistent with the experi-
mental measurements of Akar et al. (16), who found that ‘‘the
decay of [V,] was well described by a single exponential.”’
Although these results do not lead to a purely exponential
falloff with r, the rapid falloff near the electrode caused by
the 1/r factor in exp(—7/A)/r is attenuated, giving the optical
signal a more nearly exponential appearance (in Fig. 3, an
exponential decay would appear as a straight line in the
semilog plot).

The effect of lateral averaging can be observed where the
magnitude of the optical signal is larger than V, (Fig. 3 B).
This effect is prevalent ~2—-3 mm away from the stimulating
electrode. The flat portion of the curves at 5 mm in Fig. 3, A
and B, is caused by the boundary condition in Eq. 11.

The density of illuminating photons is calculated using the
method described by Flock et al. (22), Hemenger (23), and
Ishimaru (20). This method is different than those used by
previous authors studying optical mapping of cardiac tissue
(26,29,30). This problem is difficult, because it depends on
the detailed assumptions of how the photons scatter. We
assume an isotropic source term, with a reduced scattering
coefficient, uy = u (1 — g). True anisotropic scattering re-
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FIGURE 4 Ratio Dyea/Hpeax (A), Ax (parallel to fibers) (B), and A,
(perpendicular to fibers) (C) versus variation in the optical parameters p
and w,.

sults in an additional source term and a change to the partial
current boundary condition in Eq. 10 (20). In fact, the dif-
fusion approximation is not strictly valid for regions within a
distance & of the tissue surface. However, Flock et al. have
compared the diffusion equation to Monte Carlo simulations
and found the two agree well (22). Our bidomain/diffusion
model simulates the effect of uniform illuminating light that
is collimated. Our results would therefore not apply to ex-
periments using a method of laser scanning for the illumi-
nating light (3). The use of a calibrated optical signal implies
that our results are independent of the illumination intensity
and the efficiency of the dye.

Another technical issue is that we use a source term for
the excitation process (Eq. 9) that includes both diffuse and
ballistic photons during the illumination process. Recently,
Roth investigated the effect of including both diffuse and
ballistic photons during illumination, and found that consid-
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ering only the effect of diffuse photons causes an incorrect es-
timation of the falloff in the density of photons with depth (31).

A third technical issue is the discrepancy between our
calculations of the electrical length constants and those from
cable theory. In the bidomain model, the electrical length
constant, given by Eq. 14, is 0.434 and 0.174 mm, and
simulations of our bidomain/diffusion model with equal an-
isotropy ratios give length constants of 0.443 and 0.177 mm
(a variation of 2% or less from the nominal values, reflecting
our numerical error). However, when the tissue has unequal
anisotropy ratios, the length constants that we predict for V,;,
are 0.316 and 0.211 mm. Apparently, for unequal anisotropy
ratios, V,,, does not fall off with the length constant given by a
one-dimensional cable model.

In a previous study, Janks and Roth calculated the effect of
optical averaging over depth by using an exponential decay
of the light intensity (15). We performed a similar simulation
in which we considered only averaging over depth in our
calculation (Fig. 5). Near the electrode, the magnitude of the
signal obtained by averaging over depth is 1-2 orders of
magnitude smaller than V,,,, and the spatial distribution of this
signal is similar to that of V. In contrast, the spatial distri-
bution of the optical signal calculated from the bidomain/
diffusion model is a distorted version of V. Janks and Roth
apparently underestimated the impact of scattering on the
optical signal (15).

A 1000
100

10
\,
(mV) 1
0.1
0.01
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FIGURE 5 Absolute value of V,, (solid curve), the optical signal (dash-
dot), and the optical signal due to the effect of averaging over depth only
with no lateral averaging (dash) versus distance from the electrode. The
falloff is (A) parallel to and (B) perpendicular to the fibers.
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We analyze a steady-state model that neglects fiber rotation
with depth, fiber curvature, tissue heterogeneities, and elec-
troporation. Additionally, we do not account for other factors
such as depth of focus and averaging over a finite pixel size
(21). Furthermore, we assume that the membrane dye responds
linearly to changes in V,,, an assumption that may not hold for
large polarizations (32). The membrane model we have used
represents a passive, linear resistance, which may not be
appropriate for large polarizations (33). Measured magnitudes
of V,, typically fall inside the range of 0.02-200 mV. The
bidomain/diffusion model is linear, so our results should be
appropriately scaled to conform to typical experimental ranges
but would not otherwise change. In many experiments, noise
significantly reduces the ability to measure accurately the op-
tical signal farther than a millimeter from the stimulating
electrode, which was a major consideration in calculating A.
These issues, in addition to others, need to be considered when
comparing experimental results to numerical simulations (34).

Does a bidomain/diffusion model improve the agreement
between optical measurements and numerical predictions?
Our results suggest that a three-dimensional bidomain/dif-
fusion model can resolve the discrepancy between a small V ,,
that is measured experimentally and the potential calculated
numerically (34). Additionally, the model predicts an optical
signal that decays like a simple exponential, exp(—r/A), with
distance from the stimulus electrode, which agrees with the
experimental findings of Akar et al. and Poelzing et al.
(16,17). Thus, when experimentalists try to predict V,,, they
should compare their results to the optical signal calculated
from a three-dimensional bidomain/diffusion model. Imag-
ing methods using the signals from optical mapping experi-
ments will need to account for these distortions to accurately
reconstruct the transmembrane potential (29).

This research was supported by the Research Excellence Fund at Oakland
University.
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